We investigate the heavy quark spin symmetry, i.e. the mass degeneracy of pseudoscalar and vector quarkonia at heavy quark limit, by using the gauge/gravity correspondence. We allow generic D3-like geometry with a flavor D7-brane, to avoid supersymmetric mass degeneracy. For geometries admitting physical QCD-like properties, we find that the mass degeneracy is generically achieved in a good accuracy, up to a few percent mass splitting. We also compute spectra of excited quarkonia states, and discuss comparisons with experiments and quark-model calculations.
Introduction
Hadrons containing heavy quarks attract a great deal of interest in hadron and nuclear physics. Out of the six flavors of quarks, the charm, bottom and top quarks are classified as a heavy quark because they have a mass which is much larger than the typical scale of the Quantum Chromodynamics (QCD), Λ QCD . There are active researches of hadrons with charm and/or bottom quarks, while hadrons containing top quarks are not found because a top quark is easy to decay via the weak interaction. Accelerator experiments have found conventional hadrons which are described by the simple quark model expressing baryons asstates and mesons asstates with constituent (anti-)quarks q(q) [1, 2, 3] . In addition, interesting observations of exotic quarkonia, called X, Y, Z states, also motivate us to study the hadron spectrum in the heavy flavor sector. Discovered exotic hadrons are expected to have complex structures such as multiquark states and hadron composite states [4, 5, 6, 7] . The various structures of heavy hadrons are generated by the natures of internal quark potentials and/or hadron-hadron interactions which result from fundamental phenomena of QCD.
In the rich spectra of heavy hadrons, a new symmetry which does not emerge in the light quark sector is considered to be important. This is called heavy quark symmetry [8, 9, 10, 11, 12] . It possesses flavor and spin symmetries for heavy quarks. In particular, the spin symmetry leads to a specific feature which is mass degeneracy of heavy hadrons having a different spin [11, 12] . In the case of mesons, experimental results show small mass splittings between pseudo-scalar mesons with spin-0 and vector mesons with spin-1, e.g., the mass splitting of BB * (∼45 MeV) in the bottom quark sector is much smaller than that of KK * (∼ 400 MeV) in the strange quark sector. The mass degeneracy is also realized in the heavy baryons [13] and is expected in the multi-hadron states such as hadronic molecules and heavy mesonic nuclei [14, 15] . Furthermore, the heavy quark spin symmetry affects the heavy hadron decays and productions [10, 12, 16, 17, 18] . This symmetry provides the relations among various decay and production ratios of heavy hadrons with different spins. Hence, in spectroscopy of heavy hadrons, the heavy quark spin symmetry plays a significant role. This symmetry is seen in the heavy quark effective theory (HQET) based on perturbative QCD [11, 12, 19, 20, 21] . The HQET Lagrangian is given in the 1/m Q expansion, where m Q is a mass of a heavy quark Q. The heavy quark symmetry emerges in the HQET Lagrangian in the heavy quark limit m Q → ∞ but is violated in the higher order terms with spin-dependent operators. This symmetry is also expected by the quark model. The masses of hadrons with different spins are split by the hyperfine interaction depending on quark spins. Since this interaction between two quarks is inversely proportional to the product of the quark masses, it is suppressed in the heavy quark limit and the mass degeneracy of the hadrons with different spins emerges.
The spectra of heavy hadrons have been studied by the various theoretical approaches, such as the quark model, QCD sum rules and lattice QCD [2, 3] . In addition to them, we find that the gauge/gravity correspondence [22] is yet another promising approach, since it provides powerful methods to deal with strongly coupled theories.
The gauge/gravity correspondence has been applied to investigate hadron spectra, by introducing dynamical quarks which are described by excitations on probe D-branes. For example, N = 2 hypermultiplet flavors (= quark multiplets) added to N = 4 SU(N c ) super Yang-Mills theory are realized by introducing N f probe D7-branes on the AdS 5 × S 5 background (which is generated by N c D3-branes) on the gravity side [23] . In this model, from the stringy point of view, the quarks are expressed as fundamental strings stretched between D3-and D7-branes. The configuration is utilized in the calculations of the meson spectrum. The masses of pseudo-scalar and vector mesons are computed as the fluctuations of the scalar and vector fields on the flavor D-branes [24] . The study of the meson spectrum has been investigated not only on this D3/D7 model, but also on the D4/D6 model, D4/D8 model, etc.
In the gauge theory holding the supersymmetry, however, both pseudo-scalar and vector mesons are members of the same multiplet, and the masses are completely degenerate regardless of the value of the quark mass. Even when the supersymmetry is broken by finite temperature or Shark-Schwartz compactification, etc, the supersymmetry recovers in the heavy quark limit (i.e., in the UV limit) in most of the top-down models. Hence, the presence of the heavy quark spin symmetry has not been obvious in the gauge/gravity duality. In order to see the heavy quark spin symmetry exists or not, we need to investigate meson mass degeneracies on theories which are non-supersymmetric even in the UV region.
In this paper, we propose a semi-bottom-up, deformed D3-D7 model. The background geometry is deformed from the conventional AdS 5 × S 5 , and holds no supersymmetry or conformal symmetry generally. We introduce 4 deformation parameters for the background, but they are constrained by several conditions so that the theory would have physically reasonable properties. We investigate the spectra of the pseudo-scalar and vector quarkonia at m Q → ∞ limit, computed as the fluctuations of the fields on the flavor D7-brane put on this background. Finally, we will find that the heavy quark spin symmetry is approximatively true, but not exact in general. We observe a slight difference, at most 1.5%. The remaining part of this paper is organized as follows. Section 2 provides the setup of our model, including the background geometry and the DBI action in string theory. In Section 3, we consider several physical conditions on that gravitational background, and successfully determine the limited region in the parameter space which we can focus on. In Section 4, the equations of motion on the probe D7 brane are derived. The asymptotic solutions of the equations are also given. In Section 5, we solve those equations of motion numerically and obtain the mass spectra of the quarkonia. We discuss the aspects of the results and compare with those of effective models as well as experiments. Finally in Section 6, we summarize the paper and discuss the implications of our results and possible applications.
Deformed D3-D7 Model
As we explained above, we need to study non-supersymmetric models with a flavor, for investigations on heavy quark symmetry. As a simple but interesting model with such properties, we propose a semi-bottom-up model which we call deformed D3-D7 model. It is based on the type IIB superstring and similar to the standard D3-D7 model, but we assume the existence of some (unknown) additional matter or flux configurations. It leads to a backreaction to deform the D3 background geometry from AdS 5 ×S 5 . We then introduce a probe D7-brane on this background, obeying the conventional DBI action. We further assume that the couplings between the D7-brane and the unknown background fluxes are always suppressed. Then we can compute the energy of the excitation modes on this D7-brane, which correspond to meson excitations on the dual field theory.
Background Geometry and Probe D7-Brane
On the gravitational background geometry, we impose a symmetry of SO(1, 3) × SO(6), and adopt an ansatz for the UV (r ∃ r IR ) leading form as
1a) This geometry has four parameters (α, β, γ, δ), and the standard D3 background corresponds to (α, β, γ, δ) = (1, 0, 0, 0). The 10d Einstein-frame metric is written as
3)
We then put a probe D7-brane on this background. It is described by the conventional DBI action 5) where T 7 is the D7 tension, h ab is the induced (string-frame) metric on D7 and F ab = ∂ a A b − ∂ b A a is the field strength of the world-volume U(1) gauge field A a . We omitted the ChernSimons terms, as was stated above. This D7-brane corresponds to the quark sector of the theory. It extends along with the boundary 4-dimensional directions and wraps on the S 3 in the S 5 , which corresponds to the Ω 3 in (2.2). That is, the configuration of the D7-branes are described by the two embedding profile functions
In particular, we will consider static and uniform configurations
and small fluctuations around it, to describe the meson spectrum of the theory. The D7 has a turning point at r = r 0 and reaches to the boundary r → ∞. In order for the continuity and smoothness at the turning point, it should satisfy
Rescaling Symmetries
This deformed D3-D7 model has different kinds of rescaling symmetries, depending on δ = 0 or δ = 0.
When δ = 0, we can rescale the exponent parameters (α, β, γ, δ) by a positive rescaling parameter c as 9) by the transformation
We can set δ = 0 or ±1 by using this transformation with c = 1/|δ|, but we will work on general values for δ for a while. Instead, we define 11) and sometimes use these hereafter.
Case 2: δ = 0 When δ = 0, we can consider another type of scaling transformations of coordinates instead of (2.10), as
This results in a Weyl transformation
Furthermore, if we consider the redefinition of the D7 world-volume U (1) gauge field
at the same time, we notice that the DBI action (2.5) is kept to be invariant up to a change of the overall coefficient. Therefore, the set of the transformations (2.12) and (2.14) is a symmetry of the equations of motion for the probe D7-brane. Since the meson spectra are determined by nothing but those EoMs, this symmetry will take a very important roll later ( §3.3.2, §4.3).
Constraints for the Parameters
Although we introduced the deformed D3-D7 model in rather general form, it proves that this model does not always corresponds to a consistent, QCD-like theory. In this section, we find several physical conditions which we need for our purpose, and translate them to various constraints on the parameters (α, β, γ, δ) of our model. We will explain the essence and results for those conditions below. The details of the derivations are given in Appendix A.
Stability and Locality
First we consider general conditions for quantum field theories, which do not refer to the detail of the model. Namely, we need stability and locality. On the gravity side, they can be discussed for the dominating part of the theory (i.e., the gluon sector), and are translated to so-called null energy condition and the area-law of holographic entanglement entropy. This is a powerful method which is applicable to holographies for various systems. For example, non-fermi liquid system was analyzed in a similar way in [25] .
Stability: null energy condition
On the gravity side, the stability of the vacuum implies the null energy condition,
imposed for the background geometry. Here, T M N and ξ M are the stress-energy tensor of the matter fields and an arbitrary 10-dimensional null vector on the background metric, respectively. From the Einstein equation G M N = 8πT M N , this condition is rewritten as
where R
(Ein)
M N is the Ricci tensor computed for the 10d Einstein-frame metric (2.3). This condition finally leads to
which must be satisfied everywhere. The net condition of (3.17a) is given at r → ∞ for δ > 0 and r ∼ r IR for δ < 0.
Locality: area law of entanglement entropy
For local quantum field theories, the UV divergent part of the entanglement entropy for a spatial region A is proportional to the area of the boundary ∂A. This is called the area law of entanglement entropy. We can make use of this property as a probe for the locality of the theory.
On the gravity side of the gauge/gravity correspondence, the leading part of entanglement entropy is computed by Ryu-Takayanagi formula [26, 27] , as
where γ A is a surface on the bulk reaching to the boundary, where ∂γ A = ∂A. This area is computed in the Einstein-frame. In this point of view, the area law states that the minimal surface γ A extends into the bulk, rather than sticks to the boundary (which leads to volume law). By considering narrow stripes as A, this results in a simple condition,
Quark Masses
Because in this paper we are interested in emergent phenomena appearing in heavy-quark limit, we also need some constraints to realize such theory with heavy quarks. The constituent quark massm Q is obtained as the mass of the fundamental string connecting the horizon and the turning point r = r 0 of the D7-brane. The massm Q is expressed as a function of r 0 and should increase as r 0 becomes large. Since we can show that
(where r 0 0 implies log r 0 ), we obtain the condition
We also need to take the current quark mass m Q into account. Because m Q can be regarded as the physical quark mass in weak coupling limit, it corresponds to the mass of the D3-D7 string on a flat background geometry. Furthermore, it is in turn equal to the mass of the string connecting the D7-brane and the θ = π/2 hypersurface, on the boundary r → ∞. We require that we can take this m Q to be very large but a finite (non-divergent) quantity, together with a large value ofm Q at the same time. This condition finally leads to quite strong constraints,
Under these, we can also show that
which implies m Q ∼m Q .
Yet Additional Constraints
In addition to the constraints above, there are also some conditions which we possibly should take into account. We will not demand the conditions below at the first place, and discuss them together with the results of the computations finally.
Weakly coupled gravity
Throughout this paper, we will rely on classical calculations on the gravity side. Then we have to ensure that the effective string coupling e φ is small everywhere we work. Since we will focus on the UV (large r) region where the dilaton behaves as (2.1b), we need
otherwise we have to live along with horrible quantum gravity. Together with the expression of γ (3.23), we obtain
Proportionality of quark and meson masses
When the conventional quark model works well on the field theory side, the leading parts of the meson masses are proportional to the quark mass. As we will show in §4.3, the meson masses behave as
as a function of r 0 . Comparing with (3.24) (or (3.20)), we get
when m Q is large. This implies that the meson mass is not proportional to the quark mass when we take β = 0. This phenomenon suggests the existence of a non-trivial strong-coupling effect, which is absent in standard interpretations of QCD. It does not lead to any immediate inconsistency as a flavored gauge theory. But if we do not like it, we can consider the additional constraint,
Possible Parameter Region
Under the conditions (3.19), (3.21), (3.22) and (3.23), the null energy condition (3.17) simply becomesβ
where we defined ζ as
for later convenience. This in turn automatically implies 
Equations of motion
In this section we consider the configuration and fluctuations of the D7-brane obeying the DBI action (2.5). They lead to the equations which determine the meson spectra on the boundary theory. We will focus on the case of δ = 0 (3.22) here. We do not use the constraint for γ (3.23) in this section unless specially noted, because we used some results of this section in advance to derive (3.23) . Equations of motion for general δ are given in Appendix B.
Static Configuration of D7-Brane
Here we derive the equations of motion for the D7 configuration and its fluctuations. When δ = 0, we can combine r and Ω 5 in (2.1a) as dr 2 + r 2 dΩ 2 5 , making a flat R 6 . We then divide
At this time, the embedding profile of the D7-brane can be described by λ(ρ, Ω 3 , x µ ) and ψ(ρ, Ω 3 , x µ ). Compared to the coordinate (2.2), we have the relation ρ = r sin θ , λ = r cos θ . Now we can write the static embedding profile of the D7-brane as
corresponding to (2.7). Then the D7 turning point is now ρ = 0 and the conditions (2.8) are translated to
Substituting (4.35) into the DBI action (2.5), the action for L(ρ) is given as
A dot (˙) represents a derivative by ρ hereafter, unless otherwise noted. V 4 is the 4D spacetime volume, V 4 = d 4 x. This leads to the equation of motion
where
Fluctuation Modes
On the static configuration L(ρ) obeying (4.38), we consider linear fluctuation modes
where Y mn (Ω 3 ) are the 3-dimensional spherical harmonics. Furthermore, the linear fluctuation modes of the D7 world-volume gauge field can be also written as
In the viewpoint of holography, the eigenmodes of Λ, Ψ and a respectively correspond to scalar, pseudo-scalar and vector mesons on the boundary gauge theory. Since we are interested in the degeneration of the spectrums of pseudo-scalar and vector mesons, we will focus on Ψ and a below. For each modes labeled by (k µ , , m, n), the quadratic-order actions read
42)
These actions are quite similar to each other, and the only difference is the overall functional factor in the integrand (i.e., Lagrangian). They lead to the equations of motion for a and Ψ asä
In terms of holography, the mode functions of the 4D meson (quarkonium) excitations are given by the normalizable solutions to the bulk linear EoM's (4.44) or (4.45). We will focus on the s-wave modes on the S 3 , that is, = 0, since we are not so interested in such (R-)charged mesons. The 4D momentum square (−k µ k µ ) appearing in (4.46) represents the meson mass square, M 2 . For the mode functions we need to require the smoothness at ρ = 0, i.e.,ȧ(0) =Ψ(0) = 0, as well as the normalizability at infinity (ρ → ∞). These two conditions cannot be satisfied at the same time in general, and so we need to choose special values for M 2 for it. This leads to discrete spectrums of the mesons, as is expected in flavors-confined phases of QCD-like theories.
As we can see from (4.44) and (4.45), the equations for Ψ(ρ) and a(ρ) are different by the term of Q 1 (ρ)Ψ. Therefore, if R 1 (ρ) ≡ Q 1 (ρ)/P 1 (ρ) is sufficiently small all over the region of ρ, the degeneration of pseudo-scalar and vector mesons is automatically realized. When Q 1 (ρ) vanishes all over the range of ρ, the whole spectra exactly agree with each other. It occurs when In addition, we can rewrite the equations (4.44) and (4.45) to the form of the standard eigenvalue problems of Schrödinger equations. It is dealt with in Appendix C, although we will not directly use it in our computations later.
Symmetry of the Equations of Motion and Mass Spectra
As we noted in §2.2, the rescaling transformation (2.12)-(2.14) is a symmetry of the equations of motion (4.38)-(4.48). In terms of our current notations, it is translated as when we change the place of the turning point r 0 . Therefore the structure of the spectrum is invariant under the change of the quark mass. It is not surprising, because we took the UV asymptotic form for the background geometry (2.1) from the beginning. This suggests that the mass spectra we get from our model is those at heavy quark limit.
Asymptotic Properties of the Equations of Motion
In this subsection, we will see the asymptotic behavior of L(ρ) and other functions in the small and large ρ regions.
Small ρ behavior
From (4.36), we assume the leading behavior of L(ρ) at ρ 1 as
where n > 1 and q are some constant. Substituting it into (4.38), the leading terms are
Unless C = 0, this equation can be satisfied at the leading order only when the two terms are balanced, that is, n = 2. At that time this equation yields q = C/(8r 0 ), then as a result we obtain
When C = 0, we have an exact solution L(ρ) ≡ r 0 , which is included in (4.55) as a special case. From (4.46), (4.47) and (4.48), this leads to
56) when = 0. Therefore (4.44) and (4.45) are always identical equations in this region (ρ 1), and the asymptotic solution for them is given by
Large ρ behavior
When C = 0 and ρ R, we consider several ansatz for the leading behavior of L(ρ) as,
which respectively give different leading forms for (4.38). Out of these, only 3. L(ρ) qρ κ (κ < 1) has a solution, which is given by
This solution again includes L(ρ) ≡ r 0 for C = 0, because κ + = 0 when C = 0.
This asymptotic solution of L(ρ) leads to the leading behavior of P 0 (ρ), P 1 (ρ) and Q 1 (ρ) as
where ζ is the same one as (3.31). By using this asymptotics, the asymptotic form of the normalizable solutions for (4.44) and (4.45) are respectively given as
where we used the condition (3.19). In order for (4.62), we have to choose
out of κ ± (4.59), otherwise we would have Ψ ∼ ρ
, which is not normalizable.
After we find (3.23), we can see that the asymptotics (4.61) and (4.62) are actually identical (i.e., ζ = (C + 4) 2 − 12).
Numerical Computations

Method
Now let us compute the numerical values of the meson masses from the equations of motion (4.38), (4.44) and (4.45). Our basic strategy is the simple shooting methods. First we temporary fix an arbitrary value for M , and impose a boundary condition A (0) = 0 or ψ (0) = 0. Then we solve the equation (4.44) or (4.45) from ρ = 0 toward larger ρ, by using the solution of (4.38). Then, for generic values of M , the solution for A(ρ) or ψ(ρ) goes to a nonzero constant at ρ → ∞. Only for special discrete values of M , it will decay at ρ → ∞, satisfying the normalizability. Those values of M are nothing but the meson masses. We call the i-th excited states of pseudo-scalar and vector mesons as η i and Υ i (i = 0, 1, 2, . . . ), respectively, and their masses are refered to by M Since the equations of motion becomes singular at ρ = 0, we introduce a cutoff ρ = ρ where we impose initial conditions for (4.38) by using the ρ → 0 asymptotic form (4.55). We also introduce a boundary cutoff ρ ∞ , where we determine the meson masses by A(ρ ∞ ) = 0 or ψ(ρ ∞ ) = 0. The authors implemented this procedure on a Mathematica TM program and carried out the series of numerical computations. They adopted ρ = 10 −25 and ρ ∞ = 2 20 , and used 50-digits floating-point numbers. 
Results for Ground State Masses
The numerical plots for the meson mass difference M η , in agreement with the tendency observed in experiments for charmonia (η c (2980), J/ψ(3097)) and bottomonia (η b (9390), Υ(9460)). The mass difference is nonzero in general, but rather small everywhere (up to 1.5%). We can observe that exact degeneration is realized on α + β → 0 or α − β → 0 limits respectively, as well as on α − β = 1 (4.49). In particular, the β = 0 cross section is shown in Figure 3 . The exact degeneration at (α, β) = (1, 0) on this graph is the trivial one caused by the supersymmetry. It is remarkable that degeneration also takes place in the opposite limit α → 0.
On the contrary, in the region (b) α − β > 1, the order of M
Υ and M (0) η is reversed, and the mass splitting becomes relatively large (more than 30% at most). Since this region breaks the weak gravity condition (3.23), our classical calculation is not reliable in general, due to quantum-gravitational effects.
In summary, we conclude that the heavy quark spin symmetry is realized for the lowest quarkonia, not exactly but in a high accuracy, in our generic parameter space of the dual geometry at least where we can rely on the classical gravity.
Results for Excited State Masses
In this section, the excited states of the quarkonia are investigated. We compare the results of (α, β) = (1, 0) and (α, β) = (1/16, 0). The result of (α, β) = (1, 0) holds the supersymmetry. On the other hand, the supersymmetry is broken in the result of (α, β) = (1/16, 0), but the vector and pseudo-scalar mesons are almost degenerate in the ground states as seen in the previous section. In Figure 3 , the mass difference in the ground state decreases as α comes close to zero. However, the value for (α, β) = (0, 0) has singularity. Instead of this, we will show the results for (α, β) = (1/16, 0) which gives the smallest mass difference in the small α region in our numerical calculation. In Figure 4 , the mass differences between the excited vector and pseudo-scalar mesons with (α, β) = (1/16, 0) are shown. For (α, β) = (1, 0) with the supersymmetry, the mass differences are exactly zero even in the excited states. On the other hand, the results for (α, β) = (1/16, 0) are not zero but much smaller than the experimental results for the bottomonia [1] and also than the quark model predictions [28] for the bottomonia and topponia (tt ) η . Asterisk symbol shows the results for (α, β) = (1/16, 0). Dot is the experimental values for the bottomonium [1] . Triangle and square are the spectra of bottomonium and topponium, respectively, obtained by the quark model calculation in Ref. [28] .
× 10
−3 % for n = 1, while ones for the topponia in Figure 4 are 4.4 × 10 −2 % for n = 0 and 1.4 × 10 −2 % for n = 1. As seen in the ground state, the small mass differences between pseudo-scalar and vector mesons are also found in the excited states for α − β ≤ 1. We estimate the excitation energies of the quarkonium spectra. In Figure 5 , the α dependence of the mass difference between the first-excited and ground states of the vector meson, M Figure 6 . On the other hand, the excitation energies for (α, β) = (1, 0) are very large. In Figure 6 , the excitation energies go down slightly as n increases. The experimental and theoretical results [1, 28, 29, 30, 31 ] also show such tendency. In the quark model calculation, this behavior is understood to be caused by the linear component in the confinement potential. 16, 0) . Dot is the bottomonium spectra in the experimental data. Triangle and square are the quark model predictions for bottomonia and topponia, respectively [28] .
Summary and Discussions
Summary In this paper, we have studied holography on general D3-like gravitational backgrounds, with a flavor D7 brane. We analyzed the conditions for the dual boundary theory being a physical QCD-like theory -stability, locality, current/constituent quark masses, and some supplementary constraints -and determined the proper parameter region. Finally, by solving the equations of motion of the DBI action of the D7 brane on such backgrounds, we calculated the mass degeneracy of pseudo-scalar and vector quarkonia of the boundary theory at heavy quark limit. As a result, we found that the degeneracy is generically realized in a good accuracy, while there are tiny mass splittings.
Interpretation of our results
For the most part, our results show good qualitative agreements with those of phenomenological or perturbative QCD effective models, as well as experiments. It suggests a universality of (approximate) heavy quark spin symmetry, even for generic, strongly coupled theories.
Besides it, our new important observation is the existence of the small breaking of the heavy quark symmetry, which was absent in those effective models. This difference is quite interesting, because our holographic calculation includes non-perturbative effects as well as the perturbative contributions of the gauge theory. Compared to the perturbative HQET, that non-perturbativity explains the disagreement. It also suggests that the phenomenological quark model should include small spin-dependent terms in the quark-antiquark potential function, coming from a similar origin. Conversely speaking, our results imply that such non-perturbative effects are not too large, and the conventional assumptions of those effective models are good approximations to some extent. We expect that lattice simulations will finally confirm our predictions, although they are still suffering from too large computational cost, especially for heavy quark theories.
Although our expectation is as above, perhaps a supporter for exact heavy quark symmetry could defend it with some other logical possibilities below, which could not be rejected immediately.
One would be a claim that we must tune the parameters to realize the exact heavy quark symmetry as well as the quark-meson mass proportionality (3.29), for the boundary theory being a physical QCD-like one. According to it, the only (asymptotic) physical point in our parameter space would be (α, β, γ) = (0, 0, ∞), where the power-law ansatz (2.1) breaks down and we would have to replace it by different ones including exp, log, etc. Holography on such geometry behaves slightly differently from standard ones [32] , and such subtlety might be important for heavy quark physics.
Another, maybe relatively more presumable one is as follows. Even when we are taking the heavy quark limit, it is only after the limits of large N c and strong ('tHooft) coupling for classical gravity approximation. This might suggest that we cannot arrive at the regime where the heavy quark effect could beat those of large N c and strong coupling. In other words, on the gravity side, quantum or string corrections might work to cancel the mass splittings and to restore the heavy quark symmetry. This discussion could be regarded to be consistent with the relatively large mass splittings for γ < 0 (Figure 2 (b) ), where quantum gravitational corrections are expected to be especially important.
Applications to supergravity solutions It is possible to perform the same analysis as this paper for supergravity background which has a known dual gauge theory, in particular. That would enable us to check the heavy quark symmetry in some non-trivial, concrete theories. The N = 2 examples suffer from the automatic mass degeneracy due to the supersymmetry, as we mentioned in the introduction. Any vector meson should be accompanied with a complex scalar mesons (a scalar plus a pseudo-scalar), as a consequence of the N = 2 supermultiplet.
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So we need to consider N = 1 or non-supersymmetric examples. The N = 1 examples include Klebanov-Witten geometry [35] and its generalization such as supergravity on Sasaki-Einstein manifolds (see for example [36] ), and non-conformal theories such as gravity dual to N = 1 super QCD where explicit gravity background solutions are known (see for example [37] ). A peculiar N = 0 model is a gravity on AdS 5 × S 5 /Γ where Γ is a discrete group [38] . Depending on how the group Γ acts on the sphere, possible flavor D-brane configurations are classified. When the D7-brane configuration is consistent with Γ, as is the case for our computations in this paper, the meson spectrum on the D7 is left intact and the (supersymmetric) mass degeneracy remains, at the classical level on the gravity side. At that time, however, new twisted sectors arise, and they would break the supersymmetry and the mass degeneracy through quantum (1/N c -order) corrections. Furthermore, applications to non-asymptotically-AdS supergravity solutions such as [39] would be even more interesting.
Relation to T-duality?
We point out that the heavy quark symmetry may originate in string T-duality. Any D-brane has scalar and vector excitations as its massless part of string fluctuations, and they are related by the T-duality. The T-duality is manifest in a flat background geometry. But in holography, the flavor D-brane is put in a curved spacetime, so in an appropriate limit, the T-duality symmetry may recover. It might be a plausible guess that the recovery of the T-duality may be related to the heavy quark limit at which the flavor D-brane is pushed toward the boundary of the geometry where the background geometric structure simplifies. The role of supersymmetry may be important there, but generically the T-duality works even in the absence of the supersymmetry, as is obvious from D-branes in bosonic string examples. It would be interesting to pursue this direction to find possible intrinsic and geometric origin of the holographic heavy quark symmetry.
The null vector can be given as
without loss of generality, by the SO(1, 4)×SO(6) isometry of (2.1a). They lead to
which gives
from (A.64), at ω = 0 and ω = π/4 respectively. Depending on the sign of δ, they are furthermore rewritten as follows. 
A.2 Entanglement Entropy
Since we are interested in QCD-like theories, the gluon sector consists of local degrees of freedom and deconfined in UV regime. The behavior of entanglement entropy is restricted by such conditions. The UV divergent term should obey the so-called area-law, from the locality of the theory. We can deal with this condition on the gravity side by using RyuTakayanagi formula (3.18). Let us take the subsystem A to be a stripe with its width , say − /2 < x < /2. Then the corresponding minimal surface γ A should be given by a curved profile r = r(x), s.t., r(± /2) = r ∞ (→ ∞) and r(0) = r * which is the turning point of the surface. It is drawn by the blue line in Figure 7 , on the (x, 1/r)-plane. Then the area is written down as
where A 2 (∂A) is the area of ∂A (which is divergent). This is extremized by the solution of the Euler-Lagrange equation,
giving the UV divergent term of the area as
The reality of the solution (A.73) requires 3α − 5β + 5δ > 0 ⇔ 3α − 5β + 5δ + 8γ > 0
In order that this solution gives the true minimal area, we need that it is smaller than the other candidate, r(x) ≡ r ∞ , shown by the red line in Figure 7 . This second profile gives a "volume law" UV behavior, which is computed as which will not affect the final conclusion of the physical parameter region.
A.3 Conditions for Quark Masses
A.3.1 Constituent quark mass
The constituent quark mass is given by the mass of the fundamental string which connects the horizon and the turning point r = r 0 of the D7, as
In order that thism Q becomes large for large r 0 , we need
A.3.2 Current quark mass
We need that the current quark mass m Q is large but non-divergent. According to the dictionary of holography, it is given by the mass of a string connecting the D7-brane and θ ≡ π/2 hypersurface on the boundary. That is,
In order that this is a finite quantity, we need
at r → ∞.
A.3.3 Heavy quark condition
Let us assume a very largem Q (i.e., a large r 0 ), and introduce a new radial coordinate
By using this, the action S Θ (B.89) for Θ(r) is rewritten as
where a prime ( ) stands for a derivative by s. If δ < 0 or > 0, the square root becomes 1 or ∝ Θ respectively for large r 0 limit. In both cases, the equation of motion says that Θ is a constant, for which (A.82) implies δ = −α + β which in turn leads to δ < 0 from (A.80). In this case, however, the solution is Θ ≡ π/2 and then the current quark mass m Q becomes 0 at r 0 → ∞ limit. Therefore the cases of δ = 0 are totally excluded. Now we take δ = 0. Then (A.84) becomes 
B Equations of Motion for General δ
In this appendix, we deal with the equations of motion for the DBI action (2.5) with general value of δ. First we consider the static configuration (2.7). Substituting into (2.1) and (2.5), the action becomes We notice that (B.96) and (B.95) are very similar to each other, and the only difference is the factor of r 2(α−β+δ) cos 2 Θ in the integrand.
C Schrödinger Form of the Equations of Motion
The 
which lead to the potentials
where a prime ( ) stands for a derivative by χ. By using these equations, we can draw the shapes of the potentials V a (χ) and V Ψ (χ) numerically. Furthermore, under the condition (A.88), Q 1 (ρ)/P 1 (ρ) decays at ρ → ∞ and so the equations for a and Ψ have the same asymptotics. By using (4.60), they can be solved as (C.104)
Note that the null energy condition (3.30) guarantees that the coefficient is positive. Therefore, there is an infinitely high potential barrier at χ = χ ∞ , which ensures a stable, discrete spectrum. At that time, the leading behavior of the normalizable/non-normalizable solutions for the Schrödinger equation (C.97) arẽ a ,Ψ ∼ 1 χ ∞ − χ The former is our desirable solution, and we need to choose proper energy eigenvalues to make the coefficient of the latter solution to be zero. This is equivalent to the procedure we carried out in §5.
